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A novel method for solving static boundary-value problems named the integrated local Petrov–Galerkin sinc

method is introduced. The method uses the process of numerical indefinite integration based on the double-

exponential transformation to develop basis functions for a local Petrov–Galerkin type numerical method. Because

the developed basis functions do not satisfy theKronecker delta property, essential boundary conditions are imposed

using the traditional penaltymethod and the Lagrangemultipliermethod. Three basis functions are introduced, and

the accuracy and efficiency of the method is examined for two problems: a one-dimensional tapered bar with

vanishing tip area and a two-dimensional plane-stress elasticity problem. The numerical results indicate that the

integrated local Petrov–Galerkin sinc method can provide greater accuracy than the sinc method based on

Interpolation of highest derivative. For the two example problems studied, themethod’s high rate of convergence can

provide greater accuracy of stresses for the same computational cost as a displacement-based C0-continuous and a

mixed finite element. However, the still in development integrated local Petrov–Galerkin sinc method suffers from

requiring a more fully populated stiffness matrix and relatively high computational cost of the matrix factorization.

Nomenclature

E = Young’s modulus for isotropic material, MPa
f = force vector
G = shear modulus for isotropic material, MPa
H1 = Hilbert space of order one
h = sinc mesh size in the � domain
K = stiffness matrix
N = sinc discretization parameter
n = number of sinc points along each computational

axis, n� 2N � 1
�Qij = plane-stress reduced stiffness matrix
t, � = physical and transformed domains, respectively,

for sinc approximation
ti = traction tensor, MPa
u = global unknown vector
~ui = prescribed, nonhomogeneous displacement

tensor, m
ui = displacement vector, m
WI = weight function of the Ith subdomain
X = vector of coordinate location
x1, x2 = orthogonal coordinate basis of the physical

domain, m
� = penalty parameter
�Wext = external virtual work
�Wint = internal virtual work
�ij = infinitesimal strain tensor
� = boundary of the domain �

�u, �t = portions of the boundary of the domain � on
which essential and natural boundary conditions
are applied

� = Lagrange multiplier
� = Poisson’s ratio for isotropic material
�, � = orthogonal coordinate basis of computational

domain
	ij = Cauchy stress tensor, MPa

�t�,  ��� = mapping functions between t and � domains
� = domain of boundary-value problem in physical

domain

Subscript

; xy = partial differentiation with respect to x and y,
@2���=�@x@y�

I. Introduction

I N RECENTyears, sinc approximation has been a highly studied
topic in the research literature, particularly in conjunction with

methods for numerical integration and solving two-point boundary-
value problems (BVPs). Sinc approximation has been used as the
basis function in both the sinc-collocation method and the sinc–
Galerkin method because of the ease with which it may handle the
presence of singularities or unbounded domains [1]. Further-
more, the sinc function is highly effective at capturing oscillating
behavior in space and is thus quite useful for solutions with such
characteristics.

Difficulties in the sinc-collocation method arise in applying the
method to a BVP with mixed, Neumann-type, boundary conditions
because the derivatives of the sinc functions at the boundaries are
undefined [2]. Narasimhan et al. [3] used the finite differencemethod
to calculate the derivatives of the dependent variables near the
boundaries. Wu et al. [2] addressed this issue by introducing a sinc-
collocation method with boundary treatment, which they showed to
provide good convergence and easy treatment of the boundary
conditions.

Much attention has been given to the sinc–Galerkin method,
and its efficiency has been proved for both linear and nonlinear BVPs
[4–7]. Al-Khaled [8] compared the sinc–Galerkin method with He’s
[9,10] homotopy perturbation method for singular two-point BVPs.
El-Gamel [11] applies the sinc–Galerkin method to a fifth-order
BVP and compares the results with sixth-degree B-spline functions.
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The results of El-Gamel’s study [11] indicate that the sinc–Galerkin
generally performs better than the B-spline approach.

The traditional finite element method, the sinc–Galerkin and sinc-
collocation methods, and most meshless methods approximate the
primary variables through interpolation and the derivatives of the
basis functions are computed. With such methods, errors in the pri-
mary variable are amplified through differentiation. However, using
integration results in smoothing of these inherent errors. This phi-
losophy is employed by the procedure of indirect or integrated radial
basis function networks (IRBFN) by Mai-Duy and Tran-Cong
[12,13], by Wu and Ren’s [14] differential quadrature method based
on the highest derivative (DQIHD), and by Li and Wu’s [15] sinc
method based on interpolation of highest derivatives (SIHD). All
three of these methods rely on interpolation of the highest-order
derivative and a subsequent integration of this representation to
obtain the unknown function. DQIHD uses analytic integration of
Lagrange interpolation polynomials to perform the integration.
SIHD uses numerical indefinite integration based on the double-
exponential transformation as developed by Muhammad and Mori
[16] to efficiently perform the integration. Both of these techniques
are collocation methods.

The IRBFN approach has been studied extensively. Mai-Duy and
Tran-Cong [12] proposed both the direct or differentiated and
indirect or integrated radial basis function networks (DRBFN and
IRBFN, respectively) for approximation of functions. They used the
IRBFN basis function in the collocation method and showed it to
provide greater accuracy than the DRBFN used with collocation
method [17]. Mai-Duy and Tran-Cong [18] also used the IRBFN
with the weak form of the governing equation in a Galerkin
formulation; however, the natural boundary conditions were still
imposed as with the collocation scheme. Their results indicated that
theGalerkin procedure exhibited greater accuracy and higher rates of
convergence than by the collocation scheme. Furthermore, they
noted that the IRBFN basis function maintained a lower matrix
condition number than the DRBFN approach.

The differential quadrature method (DQM) was first introduced
by Bellman and Casti [19]. Substantial work has been done [20–24]
to apply the DQM method for structural mechanics problems;
however, to our knowledge, no additional work has been done
implementing the integrated form, the DQIHD method, since its
recent introduction. We emphasize that SIHD and DQIHD are
collocation methods and require satisfying both natural and essential
boundary conditions [14,15,25,26].

Slemp andKapania [25,26] showedSIHD to be an appropriate tool
for computation of through-the-thickness interlaminar stresses in
laminated composite and functionally graded composites. Typically,
BVPs in structuralmechanics are expressed in termsofdisplacements
and strains are computed from derivatives of displacements. Because
the highest derivative in the governing equation is the primary
unknown in SIHD, the necessary derivatives for interlaminar stress
computation are obtained without postprocessing.

A recent review of meshless methods was provided by Nguyen
et al. [27]. Theynote thatmeshlessmethod are typically implemented
either by the collocation method or by Petrov–Galerkin or Bubnov–
Galerkin methods. The meshless local Petrov–Galerkin (MLPG)
method serves as the basis for domain decomposition in many
meshless methods [28]. Batra and Zhang [29] compare collocation
and the MLPG method implemented with the symmetric smoothed
particle hydrodynamics (SSPH) basis function for two-dimensional
static structural mechanics problems. Their results indicate the
MLPG method provides greater accuracy than the collocation
method with the SSPH basis function.

In this paper, we develop a new approximate method for solving
elliptic boundary-value problems by using basis functions obtained
by indefinite integration based on the double-exponential trans-
formation [30]. The method follows the philosophy of the meshless
local Petrov–Galerkin method; however, the particles or sinc points
must lie in a set pattern on a rectangular grid as prescribed by the
double-exponential transformation. Thus, it is not a meshless
method. Moreover, the use of double-exponential indefinite inte-
gration distinguishes the approach from most methods that are

differentiation based. The present method, like SIHD, DQIHD, and
IRBFN, is called integrated becausewe first approximate the highest
derivative in the weak form and use numerical indefinite integration
based on the double-exponential transformation to obtain the lower
derivatives and unknown function. The process of numerical indefi-
nite integration is based on analytic integration of a sinc series
interpolation of an integrand. Thus, the name integrated local Petrov–
Galerkin sinc method is appropriate, as it classifies the method quite
well. Theunknowns inour approximationare thehighest derivative in
the weak form of the governing equation at each sinc point and
constants of integration. To our knowledge, themethod is a novel use
of indefinite integration based on the double-exponential trans-
formation and themeshless localPetrov–Galerkinmethod.The scope
of this paper shall be to fully introduce the novelmethod, demonstrate
the application of the method, and examine the accuracy and
convergence properties for an example one- and two-dimensional
elliptic boundary-value problem in structural mechanics.

The remainder of this paper is arranged as follows. Section I is the
Introduction. In Sec. II, we review the process of indefinite inte-
gration by double-exponential transformation as used to develop the
basis functions. Section III introduces the integrated local Petrov–
Galerkin sinc method (ILPGSM). We present our results for a fixed–
fixed tapered axial bar in Sec. IV. In Sec. V, we use the ILPGSM to
solve the two-dimensional idealized Timoshenko cantilever beam
problem. Finally, our conclusions are summarized.

II. Basis Functions Employing Double-Exponential
Indefinite Integration

Muhammad and Mori [16] developed a method of numerical
indefinite integration based on the double-exponential (DE) trans-
formation. The method is called numerical indefinite integration
because the value of the antiderivative of a function is found at a
series of points, given the value of the function at those discrete
points. The approach was used by Muhammad et al. [31] for solving
integral equations by the sinc-collocation method, and the devel-
opment is essential to the sinc method based on interpolation of
highest derivative as presented in [15,25,26]. We also refer the
readers to [32,33] for a good background on numerical integration
using the DE transformation. We will review the concept as
implemented in the ILPGSM.

The DE transformation was proposed by Takahasi and Mori [30]
in 1973 for the evaluation of integrals of an analytic functions with
endpoint singularities. One such DE transformation suggested by
Sugihara and Matsuo [34] is

t�  ��� � 1

2
tanh

�
�

2
sinh���

�
� 1

2
(1)

There are two salient features exploited in sinc approximatemethods.
First, the domain is expanded from t 2 �0; 1� to � 2 ��1;1�.
Second, the product f� ���� 0��� decays double exponentially on
the real line.

A function may be interpolated on t 2 �0; 1� by a sinc cardinal
series exploiting the DE transformation:

f�t� �
XN
j��N

f� �jh��sinc
�

�t�
h
� j
�

(2)

where � � 
�t� is the inverse mapping of the DE transformation,
t�  ���, h is the sinc mesh size or point-spacing within the � 2
��1;1� domain, and the sinc function is defined by
sinc�t� � sin��t�=��t�. Figure 1 indicates the discretized mapping
between the t and � domains.

Consider evaluation of an integralZ
s

0

f�t� dt

for 0 � s � 1. The integrand is transformed to the � 2 ��1;1�
domain. We may write
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Z
s

0

f�t� dt�
Z

�s�

�1
f� ���� 0��� d� (3)

Now f� ���� 0��� may be expanded employing the sinc series
approximation:

f� ���� 0��� �
XN
j��N

f� �jh�� 0�jh�sinc
�
�

h
� j
�

(4)

Substituting Eq. (4) into the integrand of Eq. (3) we obtain

Z
s

0

f�t�dt�h
XN
j��N

f� �jh�� 0�jh�
�
1

2
� 1

�
Si

�
�
�s�
h
��j

��
(5)

which holds for all s 2 	0; 1
, where Si�x� is the sine integral function
[35] defined by

Si �x� �
Z
x

0

sin�s�=s ds

Muhammad et al. [31] note that the convergence rate to be of order
�log�N�=N� exp��c1N= log�c2N�� for some positive c1 and c2.

It should be noted that evaluating the sine integral is not trivial.
MATLAB offers a function SININT as part of its special functions.
However, inspecting the m-file reveals that symbolic math is used to
perform the operation. Numerical experiment has revealed that the
SININT function will take 42 s to perform the operation just
5000 times on a 1.61 GHz, Windows XP PC with 2 GB of RAM.
There are both trig and polynomial series expansions for the sine
integral; however, the trig series is divergent for x� 1 and the
polynomial series is slowly convergent and not precise for x� 1
[35]. Recently, an algorithm for rational approximation of the sine
and cosine integrals was developed by MacLeod [36]. Although
MacLeod [36] provides the algorithm via the NUMERALGO
section ofNETLIB, the algorithmwas implemented by the authors in
MATLAB for the present study. The same 5000 operations using the
rational approximation of MacLeod runs in only 0.015 s on the same
PC, 2800 times faster than MATLAB’s SININT function.

A. First-Order Approximation with Sinc Interpolation (Sinc-1)

In this paper, we consider only second-order boundary-value
problems. The weak form for such a problem contains the first-order
derivatives, and thus the basis functions must be able to be evaluated
up to the first-order derivatives.

1. One-Dimensional Problems

We assume that f0��i� is known for all �i such that 0< �i < 1 and
corresponding to �i �  �ih� with

i� f�N;�N � 1; . . . ;�1; 0; 1; . . . ; N � 1; Ng

The derivative f0��i� may be interpolated using a sinc series:

f0��� �
XN
j��N

f0��j�sinc
�

���
h
� j
�

(6)

Employing the previously mentioned method of indefinite
integration, we may write the function at a given point � by

f��� �
XN
j��N

f0��j�h 0�jh�
�
1

2
� 1

�
Si

�
�
���
h
� �j

��
� C

We can express both of these relations in matrix form by

f0��� � E���u; f��� �A���u (7)

where

u � ff0�x�N�; f0�x�N�1�; . . . ; f0�xN�; CgT

and appropriate definition of E��� and A��� [37].

2. Two-Dimensional Problems

For a two-dimensional problem, assume f;����i; �j� is known and
can be accurately interpolated using a tensor product of sinc series
along each coordinate axis:

f;����; �� �
XN
i��N

XN
j��N

f;����i; �j�
�
sinc

�

���
h
� i
��

�
�
sinc

�

���
h
� j
��

(8)

Employing the indefinite integration on � and applying Eq. (5), we
write

f;���; �� �
XN
i��N

XN
j��N

f;����i; �j�
�
h 0�ih�

�
1

2
� 1

�
Si

�
�
���
h

� �i
����

sinc

�

���
h
� j
��
� C1��� (9)

Note that in Eq. (9), C1��� is a function of � only. We approximate
this function by the sinc series of the form

C1��� �
XN
j��N

C1��j�sinc
�

���
h
� j
�

(10)

Thus, Eq. (9) becomes

f;���; �� �
XN
i��N

XN
j��N

f;����i; �j�T2��; i�T1��; j�

�
XN
j��N

C1��j�T1��; j� (11)

where

T1��; j� � sinc

�

���
h
� j
�

(12)

T2��; j� � h 0�jh�
�
1

2
� 1

�
Si

�
�
���
h
� �j

��
(13)

Similarly, we write

f;���; �� �
XN
j��N

XN
i��N

f;����i; �j�T1��; i�T2��; j�

�
XN
i��N

C2��i�T1��; i� (14)

Fig. 1 Domain mapping between t and � domains via Eq. (1).

SLEMP, KAPANIA, AND MULANI 1143



The indefinite integration is performed onEqs. (11) and (14) yielding

f��; �� �
Z
f;���; �� d��

Z �XN
i��N

XN
j��N

f;����i; �j�T2��; i�T1��; j�

�
XN
j��N

C1��j�T1��; j�
�
d�� ~C3��� � ~C4 (15a)

f��; �� �
Z
f;���; �� d��

Z �XN
i��N

XN
j��N

f;����i; �j�T1��; i�T2��; j�

�
XN
i��N

C2��i�T1��; i�
�
d�� ~C5��� � ~C6 (15b)

Simplifying, we obtain

f��; �� �
Z
f;���; �� d��

XN
i��N

XN
j��N

f;����i; �j�T2��; i�T2��; j�

�
XN
j��N

C1��j�T2��; j� � ~C3��� � ~C4 (16a)

f��; �� �
Z
f;���; �� d��

XN
i��N

XN
j��N

f;����i; �j�T2��; i�T2��; j�

�
XN
i��N

C2��i�T2��; i� � ~C5��� � ~C6 (16b)

By reconciling the two expressions for f��; ��, it is clear that

~C 3����
XN
i��N

C2��i�T2��; i�; ~C5����
XN
j��N

C1��j�T2��;j�

~C4� ~C6�C3

(17)

where C3 is an arbitrary constant of integration. Therefore, f��; ��
may be expressed by

f��; �� �
XN
i��N

XN
j��N

f;����i; �j�T2��; i�T2��; j�

�
XN
j��N

C1��j�T2��; j� �
XN
i��N

C2��i�T2��; i� � C3 (18)

Now we introduce the global unknown vector u� ff;��;C1;
C2; C3gT , where

C 1 � fC1���N�; C1���N�1�; . . . ; C1��N�g

C 2 � fC2���N�; C2���N�1�; . . . ; C2��N�g

and

f ;�� � ff;�����N; ��N�; f;�����N�1; ��N�; . . . ; f;����N; ��N�
f;�����N; ��N�1�; . . . ; f;����N; �N�g

The basis functions may be written in matrix form. Accordingly, we
may say

f;���; �� �A1��; ��u; f;���; �� �A2��; ��u
f��; �� � B��; ��u (19)

where A1, A2, and B were defined by Slemp et al. [37]. This basis
function will be referred to as the sinc-1 basis function.

B. Second-Order Approximation with Sinc Interpolation (Sinc-2)

The sinc interpolation given by Eq. (2) may exhibit significant
oscillations. However, the integrated expression in Eq. (5) varies
smoothly between points. For this reason, we would expect our
results to be better if we expand the second-order derivatives. In
doing so, neither f;� nor f;� are interpolated by the sinc interpolation
of Eq. (2).

1. One-Dimensional Problems

We approximate the second derivative using a sinc series:

f00��� �
XN
j��N

f00��j�sinc
�

���
h
� j
�

(20)

where we assume that f00��j� is known for all �j such that 0< �j < 1
and corresponding to �j �  �jh� with

j� f�N;�N � 1; . . . ;�1; 0; 1; . . . ; N � 1; Ng

Employing the indefinite integration scheme, we write the first
derivative by

f0��� �
XN
j��N

f00��j�h 0�jh�
�
1

2
� 1

�
Si

�
�
���
h
� �j

��
� C1 (21)

We can write f0��j� (the first derivative, evaluated at the sinc points)
and repeat the integration process to obtain the function itself:

f��� �
XN
i��N

XN
j��N

h2 0�ih� 0�jh�
�
1

2
� 1

�
Si

�
�
���
h
� �i

��

�
�
1

2
� 1

�
Si���i � j��

�
f00��j� � C1�� C2 (22)

We canwrite this inmatrix form byEq. (7)with newdefinitions for
E and A as given in Slemp et al. [37].

2. Two-Dimensional Problems

We approximate f;������; �� by a sinc series in two dimensions.
Applying the indefinite integration rule as before, the necessary
lower-order derivatives are given by

f;���; �� �
XN
i��N

XN
j��N

T2��; i�T3��; j�f;������i; �j�

�
XN
j��N

C1��j�T3��; j� �
XN
i��N
	C2��i�T2��; i��

� C4��i�T2��; i�
 � C5�� C6 (23)

f;���; �� �
XN
i��N

XN
j��N

T3��; i�T2��; j�f;������i; �j�

�
XN
i��N

C2��i�T3��; i� �
XN
j��N
	C1��j�T2��; j��

� C3��j�T2��; j�
 � C5�� C7 (24)
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f��; �� �
XN
i��N

XN
j��N

T3��; i�T3��; j�f;������i; �j�

�
XN
i��N
	C1��j�T3��; j��� C3��j�T3��; j�


�
XN
i��N
	C2��i�T3��; i��� C4��i�T3��; i�


� C5��� C6�� C7�� C8 (25)

where

T3��; j� �
XN
i��N

h2 0�ih� 0�jh�
�
1

2
� 1

�
Si

�
�
���
h
� �i

��

�
�
1

2
� 1

�
Si���i � j��

�
(26)

To write the basis functions in matrix form, we introduce the global
unknown vector:

u � ff;����;C1;C2;C3;C4; C5; C6; C7; C8gT

where

C 1 � fC1���N�; C1���N�1�; . . . ; C1��N�g

and with similar definitions for C2, C3, and C4 and with

f ;���� � ff;�������N; ��N�; f;�������N�1; ��N�; . . . ; f;������N; ��N�
f;�������N; ��N�1�; . . . ; f;������N; �N�g

Thus, in matrix form, the basis function is given by Eq. (19) with the
appropriate definition of A1, A2, and B [37]. This basis function is
referred to as the sinc-2 basis function.

C. First-Order Approximation with Linear Interpolation (Linear)

Now we develop our third type of basis function, which uses the
double-exponential integration method to obtain values of the
function at the sinc points ��i; �j�. Between these points, both thefirst
derivative and the function are linearly interpolated. Because we do
not use the sinc interpolation but rather linear interpolation, the first-
order derivatives may be approximated without introducing oscilla-
tions. For a one-dimensional problem, we evaluate Eq. (7) only at
each sinc point. For two dimensions, Eq. (19) is evaluated only at
each sinc point. Between sinc points, both the first derivatives and the
function are linearly interpolated from that at the surrounding sinc
points. This may be performed by

f�X� �
Xne
i�1

Ni�X�f�Xi� (27)

whereX is the coordinates of the point of interest, ne is the number of
surrounding points to be interpolated between (ne � 2 for 1-D,
ne � 4 for 2-D), Ni�X� are the Lagrange interpolation polynomials
evaluated at the point of interest, and f�Xi� are the function values
evaluated at the surrounding sinc points.

This basis function is referred to as the linear basis function.

III. Formulation of Two-Dimensional
Elastostatic Problems

To develop the ILPGSM,we consider plane-stress elasticity on the
domain � with boundary � (see Fig. 2). To develop the governing
equations, the principle of virtual work is employed. The internal and
external virtual work are given by

�Wint �
Z
�

�	11��11 � 	12��12 � 	22��12� d� (28)

�Wext �
Z
�

�t1�u1 � t2�u2� d� (29)

where ui is the displacement vector, 	ij is the stress tensor, and ti is a
vector representing the traction applied to the edge � (i; j� 1; 2).
Note that�� fX:X 2 �u [ �tg, where�u and�t are portions of the
boundary inwhich an applied displacement and traction are imposed,
respectively.

The constitutive relation for linearly elastic isotropic material in
the plane-stress condition is given by

(
	11
	22
	12

)
�

�Q11
�Q12 0

�Q12
�Q22 0

0 0 �Q66

2
4

3
5( �11�22

�12

)
(30)

where the plane-stress reduced stiffnesses are defined such that
�Q11 � �Q22 � E=�1 � �2�, �Q12 � � �Q11, and �Q66 �G. The infi-
nitesimal strains are defined by

f�11; �22; �12gT � fu1;1; u2;2; u1;2 � u2;1gT (31)

The balance of internal and external virtual work, expressed in
terms of displacements and their variations, is written asZ

�

� �Q11u1;1 � �Q12u2;2��u1;1 � �Q66�u1;2 � u2;1��u1;2 � � �Q22u2;2

� �Q12u1;1��u2;2 � �Q66�u1;2 � u2;1��u2;1 d��
Z
�

t1�u1

� t2�u2 d� (32)

In the fashion of the MLPG method, the variations of displacements
are independently selected to be a weight function with a compact
support, WI�X�, where I identifies the Ith support domain.
Therefore, the equilibrium equation (32) becomes a system of
equations, each with the following form:Z

�I

� �Q11u1;1 � �Q12u2;2�WI
;1�X� � �Q66�u1;2 � u2;1�WI

;2�X� d�I

�
Z
�I

t1W
I�X� d�IZ

�I

� �Q22u2;2 � �Q12u1;1�WI
;2�X� � �Q66�u1;2 � u2;1�WI

;1�X� d�I

�
Z
�I

t2W
I�X� d�I (33)

where �I is the support of weight function WI , ��
fX:X 2 �I \ �g, and ui�X� and their derivatives are approximated
by the previously introduced basis functions. The weight functions
are selected such thatWI 2 H1 andWI�X�> 0 forX 2 �I and such
thatWI�X� � 0 for X =2 �I.

A. Domain Transformation

The physical domain is transformed to a rectangular compu-
tational domain defined by

Fig. 2 Diagram of physical and computational domain.
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�c � fXc � ��; ��:���N � � � �N� \ ���N � � � �N�g

where ��i; �j� are sinc points, distributed by the double-exponential
transformation. For a mesh size h, the sinc points correspond to

i; j� f�N;�N � 1; . . . ;�1; 0; 1; . . .N � 1; Ng

defined by �i �  �ih� and �j �  �jh� [see Eq. (1)]. There are a total
of n� 2N � 1 sinc points along each axis. The domain
transformation between the physical and computational domain is
performed using a mapping of the form x1 � f1��; �� and
x2 � f2��; ��. We suggest using Lagrange interpolation polynomials
to represent the geometric transformation in a similar manner to the
isoparametric elements in the finite element method [38,39];
however, any generic angle preserving mapping is applicable. The
primary displacement variables and their pertinent derivatives in the
physical and computational domain are related by

ui�x1; x2� � �ui��; ��;
@ui
@xj
�x1; x2� �

@ �ui
@�

@�

@xj
� @ �ui
@�

@�

@xj
(34)

where i; j� 1; 2 and variables with an overbar are expressed in the
computational domain. We note that the weight functions WI�X�
may be related to those expressed in the computational domain,
�WI�Xc�, by Eq. (34) as well.
The area d�I is mapped into the computational domain by

d�I �
�
@f1
@�

@f2
@�
� @f1
@�

@f2
@�

�
d�d�; d�I � jJjd�d� (35)

We note that in the computational domain, each edge of the
boundary �c corresponds to either constant � or constant �. There-
fore, the boundary integrals can be transformed to the compu-
tational domain by relating the differential line elements to
differential changes in � or �:

d���c �

����������������������������������������
@f1
@�

�
2

�
�
@f2
@�

�
2

s
d�

d���c �

����������������������������������������
@f1
@�

�
2

�
�
@f2
@�

�
2

s
d� (36)

where ���c and ���c are portions of boundary in the physical
domain on which � and � are, respectively, constant in the compu-
tational domain. By defining the following matrices,

K I
ij �

Z
�I

WI
;i

�
@�

@xj
A1��; �� �

@�

@xj
A2��; ��

�
jJj d� d� (37)

the local Petrov–Galerkin approximation can be written as

�Q11K
I
11 � �Q66K

I
22

�Q12K
I
12 � �Q66K

I
21

�Q12K
I
21 � �Q66K

I
12

�Q12K
I
22 � �Q66K

I
11

" #
�u1

�u2

 !

�
R
�I
t1W

I�X� d�IR
�I
t2W

I�X� d�I

 !
(38)

where �u1 and �u2 are the unknowns of the basis functions. By
selecting nu weight functions of compact support, where nu is the
number of unknowns per primary variable, an equal number of
equations as unknowns are obtained. Because the sinc points are
distributed such that they lie on a rectangular domain, we select
weight functions with rectangular support as indicated in Fig. 3. We
specify the support of the Ith weight function in the computational
domain to be defined by

�cI � fXc:��min � � � �max� \ ��min � � � �max� \�cg

Traditionally, the MLPG method would select Gauss functions or
other radial basis functions [29,40,41] as weights; however, for our

study, we use weight functions having quadratic variations of the
form

�WI��; ��

�
� �aI1�2 � bI1�� cI1��aI2�2 � bI2�� cI2�; ��; �� 2 �cI

0; ��; �� 2 �cI

aI1 �
�4

��max � �min�2
; bI1 �

4��max � �min�
��max � �min�2

cI1 �
�4�max�min

��max � �min�2
; aI2 �

�4
��max � �min�2

bI2 �
4��max � �min�
��max � �min�2

; cI2 �
�4�max�min

��max � �min�2
(39)

B. Essential Boundary Conditions

Because the basis functions do not possess the Kronecker delta
property, applying the essential boundary conditions is not trivial. To
do so, we implement two approaches: the traditional penalty method
and the Lagrange multiplier method.

For the traditional penalty method, the local reaction forces given
by Z

�I

ti�ui d�I

are replaced by a penalty term for a subdomain intersecting the
boundary on which the essential boundary conditions are imposed.
That is, the local reaction forces are replaced by the following term:

�

Z
�I

�ui � ~ui��ui d�I (40)

where� is a penalty parameter. Zhu andAtluri [42] suggest a range of
�103–107�E for the penalty parameter, where E is the relative
magnitude of the governing equations. For structures problems, we
take E to be Young’s modulus of the material. Because of the large
penalty parameter �, the essential boundary conditions are imposed
in an approximate sense.

The presentmethod also uses the Lagrangemultiplier approach. In
this case, for a boundary on which an essential boundary condition is
imposed, the local reaction force given byZ

�I

ti�ui d�I

is replaced by

�Ii

Z
�I

��ui� d�I �
Z
�I

��Ii �u � ~u� d�I (41)

Fig. 3 Local Petrov–Galerkin subdomains in the computational
domain. The dots indicate centers of the given subdomain; x indicates

sinc points within the computational domain.
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where �Ii , is introduced as an additional unknown. Because ��Ii are
arbitrary, they are independently set to �WI�X� resulting in an
additional equation in which � is included to provide a similar
magnitude between equations resulting from ��Ii and equations
resulting from �ui. In practice, �

I
i

R
�I
��ui� d�I need not be evaluated.

This term can simply be lumped into the unknown �Ii . Furthermore,
in order tomaintain a similarmagnitude of the unknowns and prevent
ill conditioning, �Ii was normalized by �.

C. Integration Scheme

The integration in theweak formmerits some discussion. For basis
functions with sinc interpolation, we integrate over each subdomain
using Gauss quadrature. Because the integrals involve expressions
with sinc and sine integral functions, an exact quadrature rule cannot
be used. To compensate, the number of integration points was
increased until a similar result was obtained by two successive
integration rules.

IV. One-Dimensional Tapered Axial Bar

To assess the accuracy of the ILPGSM, we perform one-
dimensional, static analysis of a fixed–fixed, homogeneous, axial bar
that is subjected to a uniform distributed force. The boundary-value
problem is expressed by

	EA�x�u;1�x�
;1 � p0 � 0; in �� fx:0< x < Lg
u�0� � 0; and u�L� � 0

where E is Young’s modulus, A�x� is the cross-sectional area at a
given x, and p0 is the distributed force per unit length. Let A0

represent the area at the root (x� 0). Accordingly, we normalize by

introducing �u� EA0u�x�=�p0L
2�, �x� x=L, and a� �x� � A�x�=A0.

We drop the overbar. Note that the normalized stress is given by
	 � u;1�x�.

To obtain the local weak form,wemultiply by aweight function of
compact support, integrate over that support, and carry out the
integration by parts. We obtain

WI�x�a�x�u;1�x�jx
I
max

xI
min

�
Z
�I

�WI
;1�x�a�x�u;1�x� �WI�x�� d�I � 0

(42)

with �I � fx:xImin � x � xImaxg.
The physical and computational domains are related by

x� �� � ��N�=��N � ��N�. The displacement and its pertinent
derivatives in the physical and computational domain are related in
an analogous manner to the two-dimensional case presented in
Sec. III. The primary variable and its derivative, u��� and u;1���, are
approximated by the basis functions.Note that by selectingnuweight
functions, Eq. (42) becomes a system of nu equations of the form
Ku� f. For the first-order basis functions, nu � n� 1. For the
second-order basis function, nu � n� 2.

For the present study, weight functions of compact support were
constructed by the following scheme. We select nu weight functions
whose subdomains are centered at �I-mid according to the DE
transformation. For mesh size h, we select

�I-mid � 

�
Nh

2I � nu � 1

nu � 1

�
; I � 1; 2; 3; . . . ; nu

The subdomain widths are selected such that there are at least two
sinc points within the subdomain. Let x be the vector of sinc points
and letxmid be thevector of subdomain centers; the functionmin 2�a�

Fig. 4 Displacement and stress obtained with N � 10 (21 sinc points) and the ILPGSM method using the Lagrange multiplier method to impose

essential boundary conditions for �� 0:01. Results are compared with analytic solution.
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returns the second-smallest entry in a vectora. Then thewidth of each
subdomain is given by dI � 2min 2�jx � xsupj�, the Ith subdomain
maximum is given by �max � �I-mid � dI=2, and the Ith subdomain
minimum is given by �min � �I-mid � dI=2. Note that there are some
subdomainswhosemaximumorminimum lies outside of the domain
�. The �min and �max are used in the one-dimensional equivalent to
Eq. (39) to construct the weighting functions. However, the
integration is performed over

�cI � f�:��min � � � �max� \ �� 2 �c�g

The ILPGSMwas implemented for the axial bar inMATLABR14
Service Pack 2 using all three basis functions. The sinc mesh size h
[see Eq. (2) and Fig. 1] was taken to be 2:5=N. Slemp and Kapania
[25] showed that choosing the mesh size h� 2:5=N provides good
accuracy and convergence for SIHD; therefore, it seems appropriate
for the present study.

We consider a tapered bar with vanishing tip area. The area is
selected having the form a�x� � �1 � x� ��=�1� ��with �� 0:01
and 0.0001, that is a linear area variationwith root-to-tip area ratios of
101:1 and 10; 001:1, respectively. Our results were compared with
the analytic solution (see Slemp et al. [37]):

u�x� � ��� 1��x log��� � �x � 1� log��� 1� � log��x� �� 1��
log��� � log��� 1�

In Fig. 4, we plot the solution obtained by the ILPGSM and the
three basis functions using N � 10 for �� 0:01. For the ILPGSM
results, the essential boundary conditions were imposed by the
Lagrange multiplier method; however, similar results were obtained
using the penalty method with a penalty parameter of 1 � 105. The
figure indicates that the displacement and stress were predicted
accurately using both the sinc-1 and sinc-2 basis functions.

However, the displacement results obtained using the linear basis
function are erroneous by 7% at its maximum and the stress results
are erroneous by 29% at x� L. The sinc-1 basis function exhibits
some oscillations in the stress, which is a characteristic of the sinc
interpolation.

In Fig. 5, similar results were plotted for �� 0:0001 or a root-to-
tip area ratio of 10; 001:1. For this case, both the sinc-1 and sinc-2
basis functions provide a very accurate approximation for
displacement; however, the stress is only accurately approximated
using the sinc-2 basis function. The linear basis function provides
13% error in maximum displacement and 41% error in the tip stress.
The sinc-1 basis function exhibits substantial oscillations in the
stress. The results obtained using the sinc-2 basis function are
indistinguishable from the analytic solution. Despite the substantial
stress concentration. Similar results were obtained using the penalty
method to apply the essential boundary conditions with a similar
level of accuracy.

To further numerically quantify the error, the following error
norms are defined: one for the displacement, k�k0, and one for the
stress, k�k1:

k�k0 �

���������������������������������R
��u � ua�2 d�R

� u
2
a d�

s
and k�k1 �

��������������������������������������R
��u;1 � ua;1�2 d�R

� u
2
a;1 d�

s

(43)

The error in displacement and stress were compared for each of the
basis function in Figs. 6–9. The convergence properties are compared
with the SIHD method, a C0-continuous displacement-based finite
element solution, and a mixed finite element analysis where both the
displacements and stresses are independently approximated using
C0-continuous basis functions [43,44]. A two-dimensional mixed
finite element for plane-stress analysiswas developed inAppendixA.

Fig. 5 Displacement and stress obtained with N � 20 (41 sinc points) and the ILPGSM method using the Lagrange multiplier method to impose

essential boundary conditions for �� 0:0001. Results are compared with analytic solution.
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The finite element (FE)mesheswere chosen such that the nodeswere
coincident to the sinc points of the SIHD and ILPGSM solutions. In
implementing the SIHDmethod, we follow Slemp andKapania [25].
Each analysis approachwas implemented inMATLABfor the sakeof
comparison of computational time.

The error in displacement and stress was plotted in Fig. 6 for an
axial bar having root-to-tip area ratio of 101:1 and using each of the
analysis approaches. The following observations were made. The
sinc-2 basis function provides a very accurate solution, with greater
accuracy and a higher rate of convergence than both the C0

finite
element analysis (FEA) and the mixed FEA when the Lagrange
multiplier method was used to apply the essential boundary
conditions. Furthermore, the solution provides greater accuracy of
the stress than the SIHD method; however, the SIHD method
provides comparable accuracy for the displacements. The sinc-1
basis function using the Lagrange multiplier method to apply the
essential boundary conditions resulted in accurate displacements;
however, the stress was erroneously approximated. This is likely to
be the result of the oscillations seen in Fig. 5. The linear basis
function with the ILPGSM provides the least-accurate solution. The
Lagrange multiplier method for applying the essential boundary
conditions results in greater or equal accuracy to the penalty method
for all basis functions.

To examine the efficiency of the ILPGSMmethod and compare it
with the traditional and mixed FEAs, the stress accuracy was plotted
against the total number of degrees of freedom and the total
computational time in Fig. 7. Only ILPGSM results obtained using

the sinc-2 basis function were compared with the FEAs and SIHD.
The ILPGSM solution provides substantially improved accuracy
over the SIHD method and traditional and mixed FEAs for equal
number of degrees of freedom; however, this does not translate
directly into greater efficiency. In general, the ILPGSM is less
efficient than the strong form based SIHD and the FEA analyses.
However, the figure indicates that the present method obtained
greater accuracy of the stress for equal computational cost to the
FEAs and the SIHD method if a higher accuracy is desired. The
additional computational cost of the ILPGSM is the result of a large
number of integration points and therefore a large number of basis
function evaluations needed, and a more fully populated stiffness
matrix. For N � 150 or a total of 305 degrees of freedom, the
stiffness matrix contains 92,114 nonzero components, whereas for
the C0-continuous finite element with N � 150 or 301 degrees of
freedom, the stiffnessmatrix contains only 901 nonzero components.
Themixedfinite element withN � 75 or 302 degrees of freedom, the
stiffness matrix contains only 1206 nonzero components. Thus,
while the present method is somewhat inefficient, the high rate of
convergence may achieve improved accuracy of the stress compared
with both C0 and mixed finite element analyses for equal
computational cost. Moreover, the integrated nature of SIHD and
ILPGSM make them attractive candidate methods for one-step
approaches for determining higher-order derivatives of displace-
ment. These higher-order derivatives can be important such as for
determining through-the-thickness interlaminar stresses in compo-
sites [25].

Fig. 6 Numerical error of the displacement and stress for tapered axial bar with taper ratio of 101:1 and increasing number of sinc points.

Fig. 7 Numerical error of the stress verses number of degrees of freedom and computational time for axial bar with taper ratio of 101:1.
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Similar results were obtained for an axial bar with taper ratio of
10; 001:1 in Figs. 8 and 9. Although most of the previous
discussion regarding the results in Figs. 6 and 7 may also be seen in
the present example, it should be noted that the ILPGSM provides
far superior results to the SIHD method for the 10; 001:1 taper
ratio. Furthermore, it should be noted that Fig. 9 indicates that the
sinc-2 basis function and ILPGSM may be able to provide
improved accuracy of stress in the presence of a stress concen-
tration for the same computational cost as the finite element
method (FEM).

V. Two-Dimensional Timoshenko Cantilever Beam

Results were also obtained by implementing the ILPGSM for a
Timoshenko cantilever [45]. The formulation developed in Sec. III
was used for a plane-stress analysis of a rectangular panel (see
Fig. 10). The dimensions of the panel are a� 1:0 m long and
b� 0:2 m wide. A parabolic shear traction is applied to the right
edge (x1 � a). The traction is such that

	11�a; x2� � 0; 	12�a; x2� � t�x2� �
6P�bx2 � x22�

b3
(44)

taking P� 106 N=m. The top �x2 � b� and bottom �x2 � 0�
surfaces are traction-free. On the left edge, �x1 � 0�, the dis-
placement is constrained such that

u1�0; x2� � ~u1�x2� � �
2Px2�2� ��

Eb

�
x2
b
� 1

2

��
x2
b
� 1

�

u2�0; x2� � ~u2�x2� �
6P�a

Eb

�
x2
b
� 1

2

�
2

(45)

An analytical solution to this problem was given by Timoshenko
andGoodier [45] and has been used byBatra andZhang [29] to verify
the accuracy of the SSPH meshless method. The analytical solution
for displacement is

u1�x1; x2���
2P

E

�
x2
b
� 1

2

��
3x1�2a� x1�

b2
� x2�2� ��

b

�
x2
b
� 1

��

u2�x1; x2��
2P

E

��
x1
b

�
2
�
3a

b
� x1
b

�
� 3�

�
a

b
� x1
b

��
x2
b
� 1

2

�
2

� x1�4� 5��
4b

�
(46)

The ILPGSMwas implemented in MATLAB R14 Service Pack 2
using all three basis functions and with the boundary conditions
imposed by the penalty method and the Lagrange multiplier method.
The sinc mesh size, h (see Eq. (2) and Fig. 1), was taken to be 2:0=N.
The physical domain was transformed to the computational domain
by themapping x1 � a�� � ��N�=��N � ��N� and x2 � b�� � ��N�=
��N � ��N�. Weight functions were chosen having the form of
Eq. (39) with �max, �min, �max, and �min chosen for each subdomain in
an identical fashion to the tapered-bar problem. Displacements and

Fig. 8 Numerical error of the displacement and stress for tapered axial bar with taper ratio of 10; 001:1 and increasing number of sinc points.

Fig. 9 Numerical error of the stress verses number of degrees of freedom and computational time for axial bar with taper ratio of 10; 001:1.
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stresses were obtained, using the ILPGSM with essential boundary
conditions imposed using the Lagrange multiplier method and pen-
alty method. For the sake of brevity, the contours of displacements
and stresses were only presented using the sinc-2 basis function with
essential boundary conditions imposed by the Lagrange multiplier
method, though similar results were obtained using the other basis
functions and with the penalty method for imposing essential
boundary conditions. In Fig. 11, the contours of displacement and
stresses were plotted from the results obtained using the sinc-2 basis
function withN � 10 or 21 sinc points along each axis. Note that the
contours are indistinguishable from the analytic solution, implying a
very accurate numerical solution. Additionally, the displacement and
stress contours indicated that the linear basis function performs quite
well for the present problem; however, no feasible solution could be
obtained using the sinc-1 basis function. It was also noted that for this
case, the stresses exhibit significant oscillations similar to those seen
in the tapered-bar example.

In Fig. 12, the convergence properties are compared for the
ILPGSM with each basis function and both boundary conditions

approaches. For the sake of comparison we implement the SIHD
method, a C0-continuous finite element with u1 and u2 degrees of
freedom, and amixed finite element in which u1, u2, 	11, 	12, and 	22
were each independently approximated using C0 basis functions.
Each approach was implemented in MATLAB for the present
problem. The details for the mixed FEM solutions are provided in
Appendix 1. For the FE meshes, the nodes were placed coincidental
to the location of sinc points. Although we recognize that the current
meshing approach may not be the most efficient approach for the
present problem, it provides a reasonable mechanism for compari-
son. Naturally, as the number of sinc points increases, the element
size decreases resulting in convergence of the FEA.

Figure 12 indicates that the sinc-2 basis function provides very
accurate displacement and stress results with very few sinc points
when the Lagrange multiplier method is employed; however, the
solution exhibits diminishing returns beyond 21 sinc points along
both axes. Nonetheless, of all the methods implemented, the sinc-2
basis function with the Lagrange multiplier approach for essential
boundary conditions provides the best accuracy for displacements
and stresses. The method’s accuracy is a significant improvement
from the SIHD method and both the C0 and mixed finite element
analysis for equal number of sinc points. If the boundary conditions
are imposed by the penalty method, the sinc-2 basis function is
generally less accurate than with the Lagrange multiplier method.

The linear basis function provided acceptable accuracy; however,
a slow, strictlymonotonic rate of convergencewas achieved using the
Lagrange multiplier method for imposing the essential boundary
conditions. As indicated by Fig. 12, the ILPGSM with this basis
functionwas less accurate than the SIHDmethod. Note that using the
linear basis function resulted in comparable displacement accuracy
to the standard C0 FEM; however, the linear basis function achieved
greater stress accuracy than the C0 FEM. The mixed FEA provides

Fig. 10 Boundary conditions and dimensions of the Timoshenko

cantilever problem.

Fig. 11 Contours of displacement and stress in the Timoshenko cantilever obtained by the ILPGSM with the sinc-2 basis function (N � 10). The

essential boundary conditions are imposed by the Lagrange multiplier method.
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Fig. 12 Numerical error of the displacements and stresseswith increasing number of sinc points. Numerical result are comparedwith the SIHDmethod,

a displacement-based C
0 FEA, and a mixed FEA.

Fig. 13 Numerical error of displacement and stress versus computational time and number of degrees of freedom for solution from ILPGSMwith the

sinc-2 basis function and Lagrange multiplier method, a displacement-based C
0 FEA, and a mixed FEA.
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greater accuracy than the linear basis function in both stresses and
displacements than the linear basis function. Figure 12 also confirms
that the sinc-1 basis function was not a feasible option for the
analysis.

The efficiency of the sinc-2 basis function with ILPGSM and the
Lagrange multiplier method was compared with the displacement
and mixed FE analyses in Fig. 13. Although both the mixed and
displacement-based FEAs provided acceptable accuracy (less than
1% error in the displacements) of displacements at a reduced
computational cost compared with the ILPGSM, the ILPGSM can
achieve greater overall accuracy. There is an initial cost penalty
relative to the FEAs; however, if the analysis goal is very accurate
stresses, the ILPGSM may be advantageous over traditional
displacement FEA. Also, it should be noted that for the same number
of degrees of freedom, the ILPGSMprovides greater stress accuracy.

VI. Conclusions

A new integrated sinc method was proposed and assessed for one-
and two-dimensional analysis of static structural mechanics
problems. The method, named the integrated local Petrov–Galerkin
sinc method (ILPGSM), is very similar to the SIHD method [15];
however, the present method uses the methodology of the meshless
local Petrov–Galerkin method. Because the basis functions do not
possess the Kronecker delta property, results were compared by
imposing essential boundary conditions using the traditional penalty
method and the Lagrange multiplier method.

We have introduced three basis functions that each use numerical
indefinite integration based on the double-exponential trans-
formation. The primary differences of the basis function are the order
of the derivative initially approximated and the method of inter-
polating between sinc points. First-order (sinc-1) and second-order
(sinc-2) basis functions using sinc interpolation and a first-order
basis function using linear interpolation (linear) were introduced and
assessed.

One-dimensional analysis of a fixed–fixed tapered bar whose tip
area approaches zero was performed using the present method. The
results indicated that the sinc-2 basis function with ILPGSM
provides a highly convergent solution and performs very well in the
presence of the stress concentration. The method was shown to
provide greater accuracy than the SIHDmethod, although the cost of
integration over a local subdomain is substantial. The method also
suffers from a fully populated stiffness matrix, which adds additional
computational time in matrix factorization when compared with the
finite element method. The results indicated that despite these
inefficiencies, the present method can provide additional accuracy
for stresses in the presence of a stress concentration than traditional
finite element methods. Because of its high rate of convergence, the
ILPGSM can provide greater accuracy for equal computational cost
than a displacement-based,C0-continuous, and mixed finite element
analysis.

The ILPGSMwas also implemented for a two-dimensional, plane-
stress elasticity problem. The results were compared with the
analytic solution and the accuracy and convergence properties were
comparedwith the SIHDmethod and both a displacement-based,C0-
continuous and mixed finite element analysis. For the two-
dimensional problem, the sinc-2 basis function with ILPGSM once
again provided greater accuracy and higher rates of convergence than
the FEAs. Furthermore, the two-dimensional example also demon-
strated that the ILPGSM could obtain greater accuracy of displace-
ments and stresses for the same computational time as both a
displacement-based and mixed finite element analysis.

Finally, we note that the potential benefits of the present method
are assessed based on observations seen for the sample problems
analyzed with the present implementation. A formal proof of
improved accuracy and convergence rate is beyond the scope of this
study. The comparisons made with the finite element method do not
reflect an optimized implementation that may be achieved with the
very mature FEM and are provided only to illustrate the potential
benefits that could be achieved with additional development of the
proposed method.

Appendix A: Mixed Finite Element Formulation

The mixed finite elements implemented in this paper uses
Lagrange interpolation polynomials as shape functions to approx-
imate both displacements and stress components independently.
These are approximated by

u1�N��;��U1; u2�N��;��U2 	11� �Q11N��;��S11

	22� �Q11N��;��S22; 	12� �Q11N��;��S12 (A1)

whereN��; �� is a matrix of element shape functions that interpolate
the nodal displacements and stresses, Ui and Sij. The plane-stress

reduced stiffness, �Q11 was used to normalize the nodal stresses. The
present implementation uses four-node elements with the following
shape functions:

N ��; �� �
�
���1��n�1�

4

���1��n�1�
�4

���1��n�1�
4

���1��n�1�
�4

�
(A2)

where the element nodes are identified in Fig. A1.
The following functional was used to obtain the stiffness matrix:Z

�

	11��11 � 	22��22 � 	12��12 � �	11�	11 � �Q11�11 � �Q12�22�

� �	22�	22 � �Q12�11 � �Q22�22� � �	12�	12 � �Q66�12� d�

�
Z
�

t1�u1 � t2�u2 d� (A3)

where �ij is expressed in terms of displacements, u1 and u2. If the
element degree of freedom are arranged such that u�
fUT

1 ;U
T
2 ;S

T
11;S

T
12;S

T
22gT , then the element stiffnessmatrix is given by

K ele �

0 0 Q11Kx1 Q11Ky1 0
0 0 0 Q11Kx1 Q11Ky1

�Q11K1x �Q12K1y Q11K11 0 0
�Q66K1y �Q66K1x 0 Q11K11 0
�Q12K1x �Q22K1y 0 0 Q11K11

2
6664

3
7775

(A4)

with the following matrices definitions:

K 11 �
Z �1
�1

Z �1
�1
Ni��; ��Nj��; ��jJj d� d�

Kx1 �
Z �1
�1

Z �1
�1
Ni;x��; ��Nj��; ��jJj d� d�

Ky1 �
Z �1
�1

Z �1
�1
Ni;y��; ��Nj��; ��jJj d� d� (A5)

andwith i, j� 1; 2; . . . 4,K1x �KT
x1 andK1y �KT

y1. The elemental

load vector is given by

F ele � fFu;Fv; 0; 0; 0gT (A6)

where

F u �
Z
�

t1N d� Fv �
Z
�

t2N d� (A7)

For the present implementation, the elements were integrated using
Gauss quadrature with two integration points on the � and � axis of

Fig. A1 Four-node finite element used in both the displacement-based

C
0 and the mixed FEM with node numbering convention indicated.
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the element. This integration scheme was also used for the
standard C0

finite element. The mixed and the displacement-based
C0-continuous finite element analyses for the 1-D bar problem
were implemented in a similar manner; however, the integration
was performed in an analytic fashion.
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